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CONSTANT MEAN CURVATURE AND TOTALLY UMBILICAL
BIHARMONIC SURFACES IN 3-DIMENSIONAL GEOMETRIES
YE-LIN OU∗ AND ZE-PING WANG∗∗
Abstract
We prove that a totally umbilical biharmonic surface in any 3-dimensional
Riemannian manifold has constant mean curvature. We use this to show that
a totally umbilical surface in Thurston’s 3-dimensional geometries is proper
biharmonic if and only if it is a part of S2(1/
√
2) in S3. We also give com-
plete classifications of constant mean curvature proper biharmonic surfaces
in 3-dimensional geometries and in 3-dimensional Bianchi-Cartan-Vranceanu
spaces, and a complete classifications of proper biharmonic Hopf cylinders in
3-dimensional Bianchi-Cartan-Vranceanu spaces.
1. Introduction and preliminaries
We assume that all manifolds, maps, tensor fields and other objects studied in
this paper are smooth.
A map ϕ : (M, g) −→ (N, h) between Riemannian manifolds is biharmonic
map if ϕ|Ω is a critical point of the bienergy
E2 (ϕ,Ω) =
1
2
∫
Ω
|τ(ϕ)|2 dx
for every compact subset Ω of M , where τ(ϕ) = Traceg∇dϕ is the tension field
of ϕ. Locally, biharmonic maps are solutions of the following system of 4th order
PDEs:
Traceg(∇ϕ∇ϕ −∇ϕ∇M )τ(ϕ)− TracegRN(dϕ, τ(ϕ))dϕ = 0,
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where RN denotes the curvature operator of (N, h) defined by
RN(X, Y )Z = [∇NX ,∇NY ]Z −∇N[X,Y ]Z.
As any harmonic map (the one with τ(ϕ) = 0) is biharmonic we use the name
proper biharmonic for those biharmonic maps which are not harmonic.
A submanifold is a biharmonic submanifold if the isometric immersion that
defines the submanifold is a biharmonic map. Biharmonic submanifolds include
minimal submanifolds as a subset as it is well known that an isometric immersion
is harmonic if and only if it is minimal. We use proper biharmonic subman-
ifolds to name those biharmonic submanifolds which are not minimal.
Many recent works in the geometric study of biharmonic maps have been fo-
cused on the following two fundamental problems: (1) existence problem:
given two model spaces (e.g., some “good” spaces such as spaces of constant sec-
tional curvature or more general symmetric or homogeneous spaces), does there
exist a proper biharmonic map mapping one space into another? (2) classifica-
tion problem: classify all proper biharmonic maps between two model spaces
where the existence is known. Some typical and challenging classification prob-
lems are the following
Chen’s conjecture [CH]: any biharmonic submanifold in a Euclidean space
is minimal, and
The generalized Chen’s conjecture: any biharmonic submanifold of (N, h)
with RiemN ≤ 0 is minimal (see e.g., [CMO1], [MO], [BMO1], [BMO2], [BMO3],
[Ba1], [Ba2], [Ou1], [Ou2], [IIU]).
For some recent progress of classifications of biharmonic submanifolds we refer
the readers to [CMO1], [CMO2], [BMO1], [BMO2], [BMO3], [MO], and the ref-
erences therein.
In the recent paper [Ou1], the first named author of this paper derived the
equation for biharmonic hypersurfaces in a generic Riemannian manifold which
can be stated in the following
Theorem 1.1. [Ou1] Let ϕ : Mm −→ Nm+1 be an isometric immersion of
codimension-one with mean curvature vector η = Hξ. Then ϕ is biharmonic if
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and only if:
(1)
{
∆H −H|A|2 +HRicN (ξ, ξ) = 0,
2A (gradH) + m
2
gradH2 − 2H (RicN (ξ))⊤ = 0,
where RicN : TqN −→ TqN denotes the Ricci operator of the ambient space
defined by 〈RicN (Z),W 〉 = RicN(Z,W ) and A is the shape operator of the hy-
persurface with respect to the unit normal vector ξ.
An nice application of the above equation was made in [OT] where the equa-
tion was use to determine a conformally flat metric on R5 so that a foliation
by the hyperplanes defined by the graphs of linear functions becomes a proper
biharmonic foliation. Those proper biharmonic hyperplanes were eventually used
to construct counter examples to prove that the generalized Chen’s conjecture is
false (see [OT] for details).
In this paper, we will use equation (1) to study biharmonic surfaces in Thurston’s
3-dimensional geometries. We first show that a totally umbilical biharmonic
surface in any 3-dimensional Riemannian manifold has constant mean curva-
ture. We then use this to show that the only totally umbilical proper bihar-
monic surface in 3-dimensional geometries is a part of S2(1/
√
2) in S3. We also
show that the only constant mean curvature proper biharmonic surface in 3-
dimensional geometries are a part of S2(1/
√
2) in S3 or a part of S1(1/
√
2)× R
in S2 × R, and the only constant mean curvature proper biharmonic surfaces in
a 3-dimensional Bianchi-Cartan-Vranceanu space is apart of S2(1/
√
2) in S3 or
a part of a Hopf cylinder in S2(1/(2
√
m) × R or SU(2) whose base curve is a
circle with radius R = 1/
√
8m− l2 in the base sphere S2( 1
2
√
m
) identified with(
R
2, h = dx
2+dy2
[1+m(x2+y2)]2
)
.
2. Constant mean curvature biharmonic surfaces in 3-dimensional
geometries
It is well known that Thurston’s eight models for 3-dimensional geometries
consist of : 3-dimensional space forms R3, S3, H3, the product spaces: S2 ×
R, H2 × R and S˜L(2,R), Nil, Sol.
It is also known (see, e.g., [BDI], [CMOP]) that Bianchi-Cartan-Vranceanu
3-dimensional spaces :
(2) M3m,l =
(
R
3, g =
dx2 + dy2
[1 +m(x2 + y2)]2
+ [dz +
l
2
ydx− xdy
1 +m(x2 + y2)
]2
)
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include six of Thurston’s eight 3-dimensional geometries in the family except
for the hyperbolic space H3 and Sol.
As biharmonic surfaces in 3-dimensional space forms have been completely
classified ([Ji], [CI], [CMO1]), we can obtain the classification of constant mean
curvature biharmonic surfaces in 3-dimensional geometries by classifying constant
mean curvature biharmonic surfaces in Bianchi-Cartan-Vranceanu 3-dimensional
spaces and in Sol.
2.1 Constant mean curvature biharmonic surfaces in Bianchi-Cartan-
Vranceanu 3-spaces
We adopt the following notations and sign convention for Riemannian curvature
operator:
R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z,
and the Riemannian and the Ricci curvatures:
R(X, Y, Z,W ) = g(R(Z,W )Y,X),
Ric(X, Y ) = TracegR =
∑m
i=1R(Y, ei, X, ei) =
∑m
i=1〈R(X, ei)ei, Y 〉.
For a Bianchi-Cartan-Vranceanu 3-space given in (2), one can easily check that
the vector fields
E1 = F
∂
∂x
− ly
2
∂
∂z
, E2 = F
∂
∂y
+
lx
2
∂
∂z
, E3 =
∂
∂z
,
where F = 1 +m(x2 + y2), form an orthonormal frame.
A straightforward computation shows that (see also [CMOP])
(3) [E1, E2] = 2mxE2 − 2myE1 + lE3, all other [Ei, Ej ] = 0, i, j = 1, 2, 3.
Let ∇ denote the Levi-Civita connection of a 3-dimensional Bianchi-Cartan-
Vranceanu space, then we can check (see also [BDI] and [CMOP]) that
(4)

∇E1E1 = 2myE2, ∇E2E2 = 2mxE1,
∇E1E2 = −2myE1 + l2E3, ∇E2E1 = −2mxE2 − l2E3,
∇E3E1 = ∇E1E3 = − l2E2, ∇E3E2 = ∇E2E3 = l2E1,
all other ∇EiEj = 0, i, j = 1, 2, 3.
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A further computation (see also [BDI] and [CMOP]) gives the possible nonzero
components of the curvatures:
(5)
R1212 = g(R(E1, E2)E2, E1) = 4m− 3l24 ,
R1313 = g(R(E1, E3)E3, E1) =
l2
4
,
R2323 = g(R(E2, E3)E3, E2) =
l2
4
,
and the Ricci curvature:
Ric (E1, E1) = Ric (E2, E2) = 4m− l
2
2
,(6)
Ric (E3, E3) =
l2
2
,
all other Ric (Ei, Ej) = 0, i 6= j.
Theorem 2.1. A constant mean curvature surface in a 3-dimensional Bianchi-
Cartan-Vranceanu space is proper biharmonic if and only if it is a part of:
(1) S2(1/
√
2m) in S3(1/
√
m), or
(2) S1((1/(2
√
2m))× R in S2(1/(2√m)× R, or
(3) a Hopf cylinder in SU(2) with 4m − l2 > 0 over a circle of radius R =
1/
√
8m− l2 in the base sphere S2( 1
2
√
m
) identified with
(
R
2, h = dx
2+dy2
[1+m(x2+y2)]2
)
.
Proof. If the mean curvature H is constant, then the biharmonic equation reduces
to
(7)
{
−H|A|2 +HRicN (ξ, ξ) = 0,
H (Ric (ξ))⊤ = 0.
Let {ei = aγiEγ , ξ = cγEγ , i = 1, 2} be an orthonormal frame on the ambient
space adapted to the surface with ξ being the unit normal vector field of the
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surface. Then, a straightforward computation using (6) gives
(Ric (ξ))⊤ =
2∑
i=1
Ric(cγEγ , a
γ
iEγ)ei(8)
=
2∑
i=1
[
(4m− l
2
2
)
2∑
γ=1
cγaγi +
l2
2
c3a3i
]
ei
= (l2 − 4m)c3
2∑
i=1
a3i ei,
RicN (ξ, ξ) = RicN(cγEγ, c
γEγ) =
2∑
i=1
(4m− l
2
2
)(ci)2 +
l2
2
(c3)2(9)
= (4m− l
2
2
) + (l2 − 4m)(c3)2.
Substituting (8) and (9) into (7) we conclude that the constant mean curvature
surface is biharmonic if and only if
−H [|A|2 − (4m− l2
2
)− (l2 − 4m)(c3)2] = 0,
(l2 − 4m)c3a31H = 0,
(l2 − 4m)c3a32H = 0,
which has solution H = 0 meaning that the surface is minimal, or
(10)

|A|2 − (4m− l2
2
)− (l2 − 4m)(c3)2 = 0,
(l2 − 4m)c3a31 = 0,
(l2 − 4m)c3a32 = 0.
We can solve Equation (10) by considering the following cases:
Case I: l2 − 4m = 0. In this case, |A|2 = l2
2
, and the corresponding Bianchi-
Cartan-Vranceanu 3-space is locally either R3 or S3(1/
√
m) and, by the classifica-
tion of biharmonic surfaces in 3-dimensional space form (see [Ji], [CI], [CMO1]),
we conclude that in these cases, the only proper biharmonic surface is a part of
S2(1/
√
2m) in S3(1/
√
m).
Case II: l2 − 4m 6= 0. In this case, by the last two equations of (10), we have
either c3 = 0 or c3 6= 0.
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For Case II-A: c3 = 0, we use the first equation of (10) to conclude that
(11) |A|2 = 4m− l
2
2
.
Noting that c3 = 0 means that the normal vector field of the surface Σ is
always orthogonal to E3 =
∂
∂z
so we can take an another orthonormal frame
{e1 = aE1 + bE2, e2 = E3 ξ = bE1 − aE2, } adapted to the surface with
a2 + b2 = 1 and ξ being the unit normal vector filed. Using (4) we can compute
(see also [Ve] Example 3.4.1)
(12)
∇e1ξ = {ae1(b)− be1(a) + 2m(ay − bx)}e1 − l2e2,
∇e2ξ = {ae2(b)− be2(a)− l2}e1.
A further computation gives the second fundamental form of the surface with
respect to the chosen adapted orthonormal frame:
(13)
h(e1, e1) = −〈∇e1ξ, e1〉 = −(ae1(b)− be1(a) + 2m(ay − bx)),
h(e1, e2) = −〈∇e1ξ, e2〉 = l2 ,
h(e2, e1) = −〈∇e2ξ, e1〉 = l2 − ae2(b) + be2(a),
h(e2, e2) = 0,
It follows from (13), the symmetry h(e1, e2) = h(e2, e1), and 0 = e2(a
2 + b2) =
2ae2(a) + 2be2(b) that
(14) e2(a) = e2(b) = 0,
which means the functions a, b are constant along the fibers of the Riemannian
submersion
pi : M3m,l −→
(
R
2, h =
dx2 + dy2
[1 +m(x2 + y2)]2
)
, pi(x, y, z) = (x, y).(15)
On the other hand, it is not difficult to see that the integral curves of e2 are
geodesics on the surface Σ. It follows from a well-known fact in the differen-
tial geometry of surfaces that we can parametrize Σ by r = r(u, v) so that the
u − curves are the integral curves of e2 and the v − curves are the orthogonal
trajectories of the u − curves. Let γ : I −→ M3m,l, γ = γ(s) be a v − curve on
the surface with arclength parameter, then it is horizontal with respect to the
Riemannian submersion pi. Let α(s) = pi(γ(s)) be the curve in the base space of
the Riemannian submersion, then the surface Σ can be viewed as ∪s∈Ipi−1(α(s)),
a Hopf cylinder over the curve α(s) ⊂
(
R
2, h = dx
2+dy2
[1+m(x2+y2)]2
)
.
If we write α(s) = (x(s), y(s)), then the surface Σ can be parametrized as
r(s, t) = (x(s), y(s), t) since the fiber of pi over a point (x0, y0) is pi
−1(x0, y0) =
{(x0, y0, t)|t ∈ R}.
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Let κg denote the geodesic curvature of the base curve. Then, we can use
the Frenet formula to check (see also [Ve], Example 3.4.1) that κg = −(ae1(b)−
be1(a) + 2m(ay − bx)). It follows from Equations (13) and (14) that
(16)
|A|2 = κ2g + l2/2,
H = κg/2.
Combining (16) and (11) we have
(17)
κ2g = 4m− l2 > 0,
H2 = (4m− l2)/4 > 0.
To have a geometric characterization of the base curve we first notice that the
proper biharmonicity (H2 > 0) of the Hopf cylinder implies thatm > 0. It follows
that the potential BCV space has to be either S2(1/(2
√
m) × R or SU(2) with
m > 0. Using the well-known curvature relation (the O’Neill’s formula) of the
Riemannian submersion (15) we conclude that the base space must have positive
curvature 4m so it can be viewed as a sphere S2( 1
2
√
m
). As the curve in the base
sphere S2( 1
2
√
m
) has constant geodesic curvature κg =
√
4m− l2 one can check
that this curve, viewed as a curve in Euclidean 3-space of which S2( 1
2
√
m
) is a
subset, has curvature κ =
√
κ2n + κ
2
g =
√
8m− l2 and torsion τ = −2
√
m κ′
κκg
= 0.
From this we conclude that the base curve of the Hopf cylinder is a circle on
S2( 1
2
√
m
) with radius 1√
8m−l2 . In particular, when l = 0 we obtain the Hopf cylin-
der S1((1/(2
√
2m))×R in S2(1/(2√m)×R, and when l = 0, m = 1/4 the proper
Hopf cylinder S1(1/
√
2)× R in S2 × R found in [Ou1].
For Case II-B: c3 6= 0, we use the last two equations of (10) to conclude that
a31 = a
3
2 = 0. It follows that Span{e1, e2} = Span{E1, E2}. This means the
distribution determined by {E1, E2} is integrable and hence (by Frobeniu’s the-
orem) is involutive. It follows from (3) that l = 0. It also follows that ξ = ±E3
and hence c3 = ±1. Substituting l = 0 and c3 = ±1 into the first equation of
(10) we obtain |A|2 = 0 which means that the surface is totally geodesic.
Combining the results proved above we obtain the theorem. 
Remark 1. It is interesting to know that it is shown in [In] that there exists
proper biharmonic Hopf cylinder in a Sasakian 3-manifold of constant holomor-
phic sectional curvature c = 4m− 3 > 1 which, according to [Ta], is isometric to
a Bianchi-Cartan-Vranceanu space with l = 2, i.e., a SU(2). On the other hand,
using a different method, the authors in [FO] gave an explicit equation of a Hopf
cylinder in Bianchi-Cartan-Vranceanu space with l = 2 and c = 4m − 3 > 1.
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Our results show that this is the only proper biharmonic surface in SU(2) with
constant mean curvature. Clearly, the proper biharmonic Hopf cylinder is not
totally umbilical.
Now we are ready to prove the following theorem which gives a complete clas-
sification a proper biharmonic cylinder in Bianchi-Cartan-Vranceanu spaces.
Theorem 2.2. Let pi : M3m,l =
(
R
3, g = dx
2+dy2
[1+m(x2+y2)]2
+ [dz + l
2
ydx−xdy
1+m(x2+y2)
]2
)
−→
(R2, h = dx
2+dy2
[1+m(x2+y2)]2
), pi(x, y, z) = (x, y) be a Riemannian submersion. Let
α : I → (R2, h = dx2+dy2
[1+m(x2+y2)]2
) be an immersed regular curve parametrized by
arclength. Then the Hopf cylinder Σ = ∪s∈Ipi−1(α(s)) is a proper biharmonic
surface in Bianchi-Cartan-Vranceanu space if and only if it is a part of:
(1) S1((1/(2
√
2m))× R in S2(1/(2√m)× R, or
(2) a Hopf cylinder in SU(2) with 4m − l2 > 0 over a circle of radius R =
1/
√
8m− l2 in the base sphere S2( 1
2
√
m
) identified with
(
R
2, h = dx
2+dy2
[1+m(x2+y2)]2
)
.
Proof. Let α : I → (R2, h = dx2+dy2
[1+m(x2+y2)]2
) =S2(
√
m
2m
) with α(s) = (x(s), y(s)) be
an immersed regular curve parametrized by arclength with the geodesic curvature
κg. As in [Ou1] we can take the horizontal lifts of the tangent and the principal
normal vectors of the curve α: X = x
′
F
E1 +
y′
F
E2 and ξ =
y′
F
E1 − x′F E2 (where
F = 1 +m(x2 + y2)) together with V = E3 to be an orthonormal frame adapted
to the Hopf cylinder. A straightforward computation gives:
(18)

Ric (ξ, ξ) = (4m− l2
2
)(x
′2+y′2
F 2
) = 4m− l2
2
,
Ric (ξ,X) = (4m− l2
2
)(−x
′y′+x′y′
F 2
) = 0,
Ric (ξ, V ) = Ric (y
′
F
E1 − x′F E2, E3) = 0,
and the torsion of the lifting curve pi−1(α(s))
τg = −〈∇XV, ξ〉 = −〈∇x′
F
E1+
y′
F
E2
E3,
y′
F
E1 − x
′
F
E2〉 = − l
2
,(19)
Substituting (18) and (19) into Equation (16) in [Ou1], we have
(20)

κ′′g − κ3g + (4m− l2)κg = 0,
3κgκ
′
g = 0,
− l
2
κ′g = 0.
Solving Equation (20) we have κg = 0 which gives the minimal surface Σ =
∪s∈Ipi−1(α(s)), or α has constant geodesic curvature κ2g = 4m − l2. It follows
from [Ou1] (page 229) that the mean curvature of the Hopf cylinder is given by
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H = κg
2
and |A|2 = κ2g +2τ 2g = 4m− l
2
2
= constant. From these we conclude that
the Hopf cylinder Σ = ∪s∈Ipi−1(α(s)) is proper biharmonic if only if
(21)
{
H2 = 4m−l
2
4
> 0,
|A|2 = 4m− l2
2
> 0.
It follows from (21) that m > 0 and hence the potential Bianchi-Cartan-
Vranceanu space is either S2(1/(2
√
m) × R or SU(2) with m > 0. Applying
our characterizations of Hopf cylinders in S2(1/(2
√
m) × R or SU(2) given in
Theorem 2.1 we obtain the Theorem. 
2.2 Constant mean curvature biharmonic surfaces in Sol space
Let (R3, gSol) denote Sol space, where the metric can be written as gSol =
e2zdx2 + e−2zdy2 + dz2 with respect to the standard coordinates (x, y, z) in R3.
One can easily check that an orthonormal frame on Sol space can be chosen to
be:
E1 = e
−z ∂
∂x
, E2 = e
z ∂
∂y
, E3 =
∂
∂z
.
With respect to this orthonormal frame, the Lie brackets and the Levi-Civita
connection can be easily computed as:
[E1, E2] = 0, [E2, E3] = −E2, [E1, E3] = E1,
∇E1E1 = −E3, ∇E1E2 = 0, ∇E1E3 = E1
∇E2E1 = 0, ∇E2E2 = E3, ∇E2E3 = −E2
∇E3E1 = 0, ∇E3E2 = 0, ∇E3E3 = 0.
A further computation gives
R(E1, E2)E1 = −E2, R(E1, E3)E1 = E3, R(E1, E2)E2 = E1,
R(E2, E3)E2 = E3, R(E1, E3)E3 = −E1, R(E2, E3)E3 = −E2,
and the possible nonzero components of the Riemannian curvature:
R1212 = g(R(E1, E2)E2, E1) = 1,
R1313 = g(R(E1, E3)E3, E1) = −1,
R2323 = g(R(E2, E3)E3, E2) = −1.
The Ricci curvature has components:
(22) Ric(E3, E3) = −2, Ric(E1, E1) = Ric(E2, E2) = 0.
Proposition 2.3. A constant mean curvature surface in Sol space is biharmonic
if and only if it is minimal.
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Proof. Let {e1 = aiEi, e2 = biEi, ξ = ciEi} be an adapted orthonormal
frame with ξ being normal to the surface. Use the Ricci curvature (22) we have
Ric (ξ, ξ) = −2(c3)2, (Ric (ξ))⊤ = −2c3a3E1 − 2c3b3E2. From these together
with biharmonic surface equation and the assumption that the mean curvature
H is constant we conclude that the surface is biharmonic if and only if
−H [|A|2 + 2(c3)2] = 0,
−2c3a3H = 0,
−2c3b3H = 0,
which has solution H = 0 meaning that the surface is minimal, or
(23)

|A|2 + 2(c3)2 = 0,
c3a3 = 0,
c3b3 = 0.
Solving Equations (23) we have c3 = 0 and |A|2 = 0, which implies the surface is
minimal. Thus, we obtain the proposition. 
Corollary 2.4. The only constant mean curvature proper biharmonic surafces in
Thurston’s 3-dimensional geometries are a part of S2(1/
√
2) in S3, or a part of
S1(1/
√
2)× R in S2 × R.
Proof. By the classification results of [Ji], [CI] and [CMO2], the only proper
biharmonic surface in space forms R3, H3 and S3 is a part of S2(1/
√
2) in S3.
It follows from Theorem 2.1 and Proposition 2.3 that the only constant mean
curvature proper biharmonic surface in S2 × R, H2 × R, S˜L(2,R), Nil, and
Sol spaces is a part of S1(1/
√
2)× R in S2 × R. Combining these we obtain the
corollary. 
3. Totally umbilical biharmonic surfaces in 3-dimensional
geometries
In this section, we first prove that a totally umbilical biharmonic surface in
any 3-dimensional Riemannian manifold must have constant mean curvature. We
then use this theorem to show that the only totally umbilical proper biharmonic
surface in 3-dimensional geometries is a part of S2(1/
√
2) in S3.
Theorem 3.1. A totally umbilical biharmonic surface in 3-dimensional Rie-
mannian manifolds must have constant mean curvature.
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Proof. Take an orthonormal frame {e1 = aiEi, e2 = biEi, ξ = ciEi} of 3-dimensional
Riemannian manifold adapted to the surface M such that Aei = λiei, where A
is the Weingarten map of the surface and λi is the principal curvature in the di-
rection ei. Since M is supposed to be totally umbilical, i.e., all principal normal
curvatures at any point of M are equal to the same number λ. It follows that
H =
1
2
2∑
i=1
〈Aei, ei〉 = λ,(24)
A(gradH) = A(
2∑
i=1
(eiλ)ei) =
1
2
gradλ2,
|A|2 = 2λ2.
On the other hand, a straightforward computation gives
〈R(e1, e2)e1, ξ〉 = R(ξ, e1, e1, e2) = −Ric(e2, ξ),(25)
〈R(e1, e2)e2, ξ〉 = R(ξ, e2, e1, e2) = Ric(e1, ξ).(26)
Noting that e1, e2 are principal directions with principal curvature λ we can
check that
(∇e1h)(e2, e1) = e1(h(e2, e1))− h(∇e1e2, e1)− h(∇e1e1, e2)(27)
= −h(e1, e1)〈∇e1e2, e1〉 − h(e2, e2)〈∇e1e1, e2〉
= −λ(〈∇e1e2, e1〉+ 〈∇e1e1, e2〉) = 0,
(28) (∇e2h)(e1, e1) = e2(h(e1, e1))− h(∇e2e1, e1)− h(∇e2e1, e1) = e2(λ),
(29) (∇e1h)(e2, e2) = e1(h(e2, e2))− h(∇e1e2, e2)− h(∇e1e2, e2) = e1(λ),
and
(30) (∇e2h)(e1, e2) = e2(h(e1, e2))− h(∇e2e1, e2)− h(∇e2e2, e1) = 0.
Using (25), (26), (27), (28), (29), (30) and the Codazzi equation for a hypersur-
face:
(∇Xh)(Y, Z)− (∇Y h)(X,Z) = (RN(X, Y )Z)⊥ = 〈RN(X, Y )Z, ξ〉,
where the covariant derivative of the second fundamental form h is defined by
(∇h)(X, Y, Z) = X(h(Y, Z))− h(∇XY, Z)− h(Y,∇XZ),
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we have
(31)
{
e1(λ) = Ric(e1, ξ),
e2(λ) = Ric(e2, ξ).
On the other hand, using (24) and the second equation of (1) we have
(32) 2λ gradλ− λ (Ric (ξ, e1)e1 + Ric (ξ, e2)e2) = 0.
Substituting Equation (31) into (32) we have
λ gradλ = 0,
from which we conclude that λ is a constant. Thus, we obtain the theorem. 
Note that to classify totally umbilical biharmonic surfaces in 3-dimensional
geometries it is enough to know totally umbilical biharmonic surfaces in Bianchi-
Cartan-Vranceanu 3-spaces and in the hyperbolic 3-space and Sol space. As
biharmonic surfaces in 3-dimensional space forms have been classified we need
only to classify totally umbilical biharmonic surfaces in 3-dimensional Bianchi-
Cartan-Vranceanu spaces and in Sol space. This is done by the following two
corollaries.
Corollary 3.2. A totally umbilical biharmonic surface in Sol space is biharmonic
if and only if it is minimal.
Proof. This is a consequence of Theorem 3.1 and Proposition 2.3. 
Remark 2. Note that there are many totally umbilical surfaces in Sol space (see
[ST] for classifications of totally umbilical surfaces in Sol space and in a more
general homogeneous 3-manifold).
Corollary 3.3. A totally umbilical surface in a 3-dimensional Bianchi-Cartan-
Vranceanu space is proper biharmonic if and only if it is part of S2(1/
√
2m) in
S3(1/
√
m).
Proof. By Theorem 3.1, a totally umbilical biharmonic surface in a 3-dimensional
Bianchi-Cartan-Vranceanu space has constant mean curvature. This, together
with Theorem 2.1, implies that the only potential totally umbilical proper bi-
harmonic surface in these spaces are a part of S2(1/
√
2m) in S3(1/
√
m), or a
part of a Hopf cylinder. As the latter surface is clearly not totally umbilical we
conclude. 
14 YE-LIN OU
∗
AND ZE-PING WANG
∗∗
We remark that totally umbilical surfaces in Bianchi-Cartan-Vranceanu spaces
with four-dimensional isometry group has been classified in [Ve] whilst a classi-
fication of such surfaces in other three-dimensional homogeneous spaces has not
yet appeared in the literatures (see [Ve]).
Now we can summarize our classification of totally umbilical biharmonic sur-
faces in Thurston’s 3-dimensional geometries in the following
Theorem 3.4. A totally umbilical surface in 3-dimensional geometries is proper
biharmonic if and only if it is a part of S2(1/
√
2) in S3.
Proof. Recall that the eight 3-dimensional geometries are: R3, S3, H3, S2 ×
R, H2×R, Sol, Nil, and S˜L(2,R). It is well known (see [Ji], [CI], and [CMO2])
that there is no proper biharmonic surface in R3, H3 and that (see [CMO1])
the only proper biharmonic surface in S3 is a (part of) sphere S2(1/
√
2). These,
together with Corollaries 3.2 and 3.3, give the complete classification. 
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